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Abstract 
The work is focused on the application of possibility theory to property appraisal. The appraiser 
is usually required to find the “most probable selling price” of the property to be estimated in an 
uncertain environment. In other sciences uncertain information has been analyzed in different 
ways. Starting from the possibility theory (L. Zadeh, 1978) it is possible to deal with property 
market data coming, in some contexts, to different conclusions. 
The work is organized as follows: after an introduction, the first paragraph will analyze a brief 
profile of fuzzy sedts and theory of possibility. In the second paragraph the attention will be 
concerned about the comparison between the most probable selling price and the “most 
possible selling price”. A final paragraph will offer final remarks and future directions of 
research. 
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Introduction1 
Although the great development of the analysis regarding uncertain problems, the property 

appraisal relies on the probabilistic definition of  the “most probable selling price”. The main 

issue of this work is the application of a different approach to the uncertainty. There is a 

growing interest in a field of study called “Imprecise Probability”.2 This is a generic term to 

cover all the mathematical models which measure the chance or the uncertainty without any 

sharp numerical probabilities.  

In particular, this work would analyze the contribution of the “possibility theory” based on fuzzy 

sets developed by Lotfi Zadeh3 to appraisal problems. Fuzzy logic has been applied to the real 

estate evaluation process4. The definition of the “most possible selling price” based on this 

theory will be highlighted and compared to the most widespread definition of the “most 

probable selling price”. The work is organized as follows: in the following first paragraph the 

attention will be focused on fuzzy logic, fuzzy sets and the theory of possibility.  The second 

paragraph will concern an application of the concept of the most possible selling price to a real 

estate appraisal. Final remarks and future directions for the research will be given in the final 

paragraph. 

 
1. Fuzzy Logic, Fuzzy Sets, and the Theory of Possibility : an overview 
The Aristotelian or bivalent logic is essentially based on two principles: the Law of 

Contraddiction, which states that an element could not belong, at the same time, to a set and 

its complement. The second Law of the Excluded Middle states  that  the union between a 

set and its complement is equal to  the universe to which they belong. 

These laws are the basis of the formal logic. On this paradigm, most of computer programming 

and mathematical reasoning is based. Probability concept is based on these premises, too. 

According to these premises a set of comparable properties could be written as follows: 

 

                             A = x| x is a property comparable to z (a)  

The elements x could belong or not to the set, there are not any other alternatives . According 

to these laws it is possible to indicate a “membership rule” µ µ in order to define the membership 

or not to a classic set. For example, it defines the set of a real property comparable to a real 

property z. As a consequence the set A can be pointed out. The elements x could belong or 

not to the set, there are not any other alternatives. 

Then the membership function will assume different values in the two different cases: 
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µµA (x) =  1 for x ∈∈ΑΑ        and     µµA (x) =  0 for x ∉∉ ΑΑ           (b) 
  

An element can only belong or not to A set if it has one (or more) specific characteristic. If the 

real property appraiser refers to a subjective probability he will define the probability of an 

occurrence of each price of any “comparable” properties. Different degrees of probability as 

10% or 50% can be defined, but the comparable property can only belong or not to each 

degree of probability.  

An element can only belong or not to A set, a property has or does not have a certain 

percentage of comparability to the property to be estimated. In 1965 Lotfi Zadeh5 defined for 

the first time, a different kind of sets: fuzzy sets. The relationship between the set and the 

element, was defined upon a membership function that allows also different “grades of 

membership” not only the Boolean variables 1 and 0  In his point of view, these different 

degrees of membership are given in several ways. Five methodologies can be taken into 

account6. The first is based on “subjective evaluation and elicitation”. It can be considered 

the most frequent case and it is essentially based on the appraiser’s cognitive states defined 

through simple or sophisticated elicitation procedures. In this case they “would be (usually) 

arrived at almost instantaneously without any conscious analysis"7. Another way is the “ad hoc 

forms”. In this case the decision starts from a predefined slope of a fuzzy  number. The 

appraiser has to choose only the central values and the slope on both sides. Sometimes it is 

possible also to convert probability frequency  histogram  into possibility degrees of 

membership. It must be highlighted that there are several different methods able to transform 

probability histogram into possibility measures.  This is possible even if the concept of 

probability is very different from the possibility one. It is possible to calculate the membership 

degrees through a “physical measurement”, too. In this way the physical measures of a 

particular phenomenon allow to define a degree of membership. The last method to define a 

degree of membership can be considered “learning and adaptation” . In this case the 

membership degrees are adapted to the reality by a learning process. 

The concept of membership is not longer crisp (either 1 or 0), but can have several “degrees of 

membership”.  

It is possible to rewrite the (a) formula as: 

A = { (x, µ µA (x) ) |  x∈ΑΑ  , µµA (x) ∈∈ [0,1] }                      (c) 

For example a set composed by three comparable real property prices  can be defined through 

the following  fuzzy set: 
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A ={ (a, 0.1), ( b, 0.5) (c, 0.9) }                 (d) 

These degrees of membership are included between 0 (there is not any probability of currency 

of that price) and 1 (it is the price that will occur with the highest degree of “possibility”). In 

spite of a classic set they allow us to deal with data having “different grades of comparability”. 

Reasoning with this “many value” logic could improve the significance of the number in an 

appraisal report, making them closer to the reality. They are the so-called fuzzy numbers. 

There has been an application to the reconciliation phase of a property appraisal8. 

Starting from the concept of a fuzzy set a “possibility distribution” can be defined. In his 

fundamental work L. A. Zadeh wrote  “…A thesis advanced in this paper is that when our main 

concern is with the meaning of information – rather than with its measure, the proper 

framework for information analysis is possibilistic rather that probabilistic in nature, thus 

implying that what is needed for such an analysis is not probability theory but an analogous – 

and yet different- theory which might be called the theory of possibility…”9 

The term “possibilistic” as quoted in that work was defined for the first time in a famous  work 

of Gaintes and Kohout10. 

This work would highlight that in real estate market “…much of the information on which 

human decision are based, is more possibilistic than probabilistic …the intrinsic fuzziness of 

natural languages - which is logical consequence of the necessity to express information in a 

summarized form - is, in the main,  possibilistic in origin…” 11  

The consumer behaviour and the property prices are affected by the “fuzziness of natural 

language”. A possibility distribution can be defined. If  F is a fuzzy subset of a universe of 

discourse U whose membership function is µµF than the value originated by the membership 

function could vary according to several degrees (or grade) of the membership µµF (u). R set 

can be defined associated with12 X (or fuzzy restriction on X) if it can be defined as an elastic 

constraint on the values that may be assigned to X. In this way a preposition as “ the price 

could occur” can be expressed in a different way taking into account that X is the name of the 

object, a variable or a preposition and  A(X) is a particular attribute (comparability) of X which 

takes on different values in U. Then it will be possible to write: 

R ( A(X) ) = F 

For example it considers the comparability of a property price assuming an ordinal scale U= 

[0,1,2,3,4,5] in this way, it is possible to write the relationship: 

µµcomparable(u) = 1 – S (u ; 0, 20,30) 
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Where u is the ordinal value of comparability, S is a function that links an ordinal value to the 

degrees of membership similarly to the set indicated in (d). They allow the appraiser to define 

a membership function which gives a number between 0 and 1 of comparability to different 

points in the ordinal scale. 

In short it is possible to rewrite  (e) as: 

R(X) = F 

Then it will be possible to write that there is a possibility distribution ΠΠ x which is postulated to 

be equal to R(X). As a consequence there will be a possibility distribution function associated 

to it that can give a grade of membership for each value of u. This possibility distribution 

function can be considered as the membership function indicated in the (c) and (d) fuzzy sets. 

Membership function could have different shapes which  will give different results. 

The possibility of the occurrence of a price is a measure question. 

In order to show this difference, a case in which the appraiser is requested to appraise a 

property whose range of values could vary will be considered. As an example, the exihibit 1 

will show different values that can be assumed by the property. 

 

Numbers 0 1 2 3 4 5 
Probable/Possible Prices 98,000 100,000 120,000 121,000 125,000 130,000 

Exhibit 1- Different Possible or Probable Prices for a Real Property 

It will be possible to define two different distributions: a probability distribution and a possibility 

one. 

 

Distribution (u) 0 1 2 3 4 5 
πx (u) 0 0.2 0.5 0.7 0.8 1 

Px (u) 0 0 0.1 0.2 0.6 0.1 

Exhibit 2 - A comparison between a possible distribution and a "subjective" probability distribution 

 
Exhibit 2 shows the differences between the two different distributions. The “most probable” 

price will be the single point defined as the mode of a normal distribution of “subjective 

probability” at a certain level of probability. In this way the value of a property will be the 

number 3 with a 60% of probability. According to the Aristotelian point of view this evaluation is 

based on the dichotomy membership of an element to its set. In a different way the possibility 

distribution will offer for each price a “grade of membership”. This grades show how the price 
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of the appraising property is “contained” inside the single element.  In this case the most 

possible selling price is the number 5. In formal terms the probability distribution is based on 

the well known three following Kolmogorov’s13 axioms: 

 

 

1. If the set A= 0 then P(A) = 0   

2.If A is a subset of B then P(A)<P(B) 

3. Probability is a cardinal measure of uncertainty  and P(AunionB) = P(A) + P(B) 
 

 

The possibility distribution relies on different basis. In particular, the first and the second 

axioms are the same both in the probability and in the possibility theory while the third axiom 

will change as follows: 

 

3.Possibility is an ordinal measure of uncertainty and               W(AunionB) = max(W(A),W(B)). 

 

As one can observe the most possible and the most probable could not be the same and the 

information given by a possibility distribution is different than a probabilistic one. In the former 

distribution each element of the set has a different grade of comparability or membership to 

the set of a comparable property. In this case the difference seems to be small because both 

the grade of possibility and the percentage of probability are a subjective datum. But the 

appraiser is requested to define two different things. In the possibility distribution the appraiser 

shows how each comparable property can be defined similar to the one to be estimated, while 

in the probability distribution he tries to “put” the data inside a normal probabilistic distribution 

(according to the subjective probability). Furthermore they can be used in different contexts. In 

some cases a cardinal measure of uncertainty is possible. For example, an “event” can be 

estimated two or three times more probable than another using a cardinal measure of 

uncertainty. The appraiser uses this particular kind of approach in order to define a return 

measure or a  subjective probability distribution. However there is also another nature of 

uncertainty in which a specific cardinal measure of occurrence of an event is not possible. 

Nobody knows if the probability of occurrence of an event is two or three times more than 

another. In this case the “possibility theory” offers an ordinal measure of uncertain events. 

Inside the possibility distribution is not clear if an event can be more or less probable than 

another. 
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2. Property Appraisal and the “Most Possible Selling Price” 
The relationship between the analyzed prices and the “possible value” can be described in 

several ways. 

The graphic 1 below will consider the “grade of membership” of each value to the one to be 

estimated. Then the different grades of memberships will allow the appraiser to define how the 

appraising property is “contained” in each element of the set. 

 

  
 

Figure 1 - The shape of a piece quadratic membership function 

A possibility distribution can be described in several shapes: trapezoidal, triangular, piece 

quadratic. In this case, a piece quadratic membership function will be observed. Then the 

value of a property can be pointed out along the defined piece quadratic curve and identified 

by the appraiser starting from the market data, his personal experience or the other 

methodologies indicated in the previous paragraph. 

The value given by the membership function will be the following formulas: 

         

1   
                  ________________ ( x – A1)         for                  0  <  x  <  2 
                   2 ( p – b  – A1 )2        

µA  =  {    1   
                -   _______  ( x – p)2           for                  2  <  x  <  5 
                   2 ( b )2        
 

The elements (price) of the set which have grade of membership equal to 1 are identical to 

that to be estimated. This function is the relationship between the observed measure and the 

α  α  - cut 

Property Values 

1 

1

0.8

0.7

0.5

0.2

A1 ,b=2 ,p=5 1 3 4 
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different grade of membership "that is characterized by a possibility distribution"14. The shape 

of this distribution will vary depending on the shape which describes better the relationship 

between the elements of the set and their degrees of membership. The result will be defined 

on a level of confidence15 that is indicated in the figure 1 as α-cut. As the appraiser is 

requested to define the “most possible value” with a more than 0.90 degree of possibility, then 

only the 5th value will be considered. If the appraiser is requested to define the most possible 

value with a degree of possibility more than 0.70. In this case the α - cut will define a different 

set   whose members are:  

ΑΑ = {{3,4,5}} 

In this interval ( more than 0.70 of � -cut) the price will vary between 121,000 and 130,000. In 

the same interval the “most possible selling price” (the value with the highest degree of 

possibility) is 130.000.  

This means that an interval value can be estimated with a possibility distribution, too. 

This concept is quite different from the normal probabilistic distribution on which is based the 

most probable selling price. 

The fundamental concept of the “Most Probable Selling Price” has been introduced in the real 

estate literature by the Italian appraiser and professor Giuseppe Medici in his important work 

later translated into English16 and strongly developed and improved by the American appraiser 

R. Ratcliffe17. 

The value of a real property can be defined as the “most probable price which a property 

should bring in a competitive and open market under all conditions requisite to a fair sale, the 

buyer and the seller each acting prudently and knowledgeably, and assuming the price is not 

affected by undue stimulus”18 . 

It has been stressed that in a “statistical sense is a reference to the single most likely outcome 

(the mode), as opposed to the “expected price”, which references the mean or average”19. This 

is an important way to represent the value investigated by an appraiser. This concept is 

sometimes not consistent with Highest and Best Use of a property. In fact, it may occur that 

the most probable value is not the highest and best use of the real property. Simonotti20 

pointed the most probable selling price as the most important criterion for an appraisers while 

the highest and best use has a greater importance for a counselor. 

In some case the appraiser is requested to define an interval of “probable” values for a 

property. In this context he has two different opportunities  



 10 

In some appraisal reports in which the result is more uncertain the appraiser is used to 

defining  a “range of value” and a probability distribution whose final result is the “most 

probable selling price”. 

From a probability perspective two different analysis are possible. If the frequentistic concept 

of probability will be chosen than the appraiser will collect several prices of properties 

comparable to the one to be estimated. The appraisal analysis will be successfully carried out 

analyzing the distribution of the prices. In the case of normal distribution, the most probable 

selling price will be the mean. Unfortunately, a normal distribution of prices  is quite difficult to 

find, for this reason appraisers generally apply a subjective concept of probability defining a 

probability distribution which points for each price the relative probability  of occurrence. In this 

way, the appraiser will define a normal probability distribution whose mean will be the “most 

probable selling price”. 

The highlighted differences between the “most probable” and the “most possible” lead to two 

different and useful remarks. The first concerns the general concept of the “most probable 

selling price”. In this context the work will not try to demonstrate that the recurring definition of 

the most probable selling price is wrong. Probably there will be more than one perspective. In 

an important work Smith and Bagnoli pointed out  that “ the final results of the fuzzy analysis 

will not produce  Ratcliff’s “probable price”, since the mathematical process differs. The result 

should be similar, but more information is provided in terms of several “possible” prices having 

different degrees of membership…”21 

According to them and starting from the considerations defined in the previous paragraph a 

definition of the “most possible selling price” is proposed. 

It can be viewed as “the price that has the highest degree of a membership function 

inside the set of comparable properties when a cardinal measure of uncertainty is not 

possible”. 

The second concerns an applicative case of appraisal. In the exhibit 3 there are two different 

possible destinations for an appraising property. The following properties have a destination A 

0,1,2,3 while the  property 4,5.  have destination B There are two different probability and 

possibility distributions.   
    

 Destination A Destination B 

Distribution (u) 0 1 2 3 4 5 

ππ x (u) 0 0.2 0.5 0.7 0.8 0 

Px (u)  0 0 0 0.4 0.6 0 
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Exhibit 3- Probability and Possibility distribution of Prices 

 

In this case the probability theory, according to third axiom of Kolmogorov, allows the 

appraiser to define the following relationships: 

 

3 ∩∩  4 = 0  => P(3) ∪∪  P(4) = P(3) + P(4) => E(VALUE)  = P3 Value3 + P4 Value4 

 

The final result of the appraisal report will be defined by the weighted sum between the 

different levels of probabilities and different values. 

In this case, the application of the possibility theory will lead to different results, starting from 

the previous defined possibility distribution it will be possible to observe: 

 

ΠΠ x =   (0,0) (0.2,1) (0.5,2) (0.7,3) (0.8,4)=  

max π (π (v) 0 ,0.2 ,0.5 ,0.7 ,0.8= (0.8,4) 

 
This final result will be defined through the greatest degree of possibility.   

A cardinal measure of uncertainty can be defined better for those real estate market where the 

real property data are available and the appraiser can define a subjective or frequentistic 

distribution of probability. In some real estate market or for some specific properties the market 

data are not available, an ordinal measure of uncertainty seems to be more appropriate. In this 

context , the “most possible value” will be better. 

 
Final Remarks and Future Directions of Research 
At the end of this work the following aspects can be highlighted: 

• Appraisal results are traditionally linked to the probabilistic concept of the “most probable 

selling price”, although there are some different growing approaches to uncertainty. 

• The contribution and the difference between the most probable selling price and the most 

possible selling price has been defined and make evident. 

• Using the most possible selling prices in appraisal reports seems to be more appropriate in 

those market with a lack of data and information. In fact the appraiser looks for the “most 

possible value” or a range of “possible values” starting from the grade of membership of 

each property price  in comparison with the subject using an ordinal measure of 

uncertainty. Furthermore, possibility theory can not be based on fuzzy sets. 

• The “most possible selling price” could give a further definition to return variability inside the 

Modern Portfolio Theory. It is possible to define a variability in terms of “Possibility Theory”. 
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This seems important in real estate markets where it is necessary to start from the 

subjective point of view22 

A further direction for the research could be to explore the contribution of  the Imprecise 

Probability in the real estate appraisal and the Modern Portfolio Theory applied to real 

property assets 

 
References 
                                                                 
1 This paper is one of the results of a research program carried out in the Faculty of Economics in September 2000 
in Alicante financed by Italian National Council of Research. I am in debt with prof. H. C. Smith and Paloma 
Taltavul de la Paz, Marco Simonotti and Alexis Tsoukias  for their helpful suggestions.  
2 For an overview, see M. Smithson (1989), Ignorance and Uncertainty, Springer, Berlin 
3 See L. Zadeh (1978), Fuzzy Sets as a Basis for a Theory of Possibility, Fuzzy Sets and System, 1, 3-28 
4 Gene Dilmore (1993), Fuzzy Set Theory. An Introduction to its Application for Real Estate Analysis, Paper 
Unpublished at Annual Conference of American Real Estate Society, Gene Dilmore (1994), Fuzzy Logic: The 
Sequel: Clarifying the Three Approaches to Value with Fuzzyfication, paper presented at 1994 annual conference 
of ARES Santa Barbara, California H. C. Smith and C. Bagnoli (1997), Fuzzy Logic : The New Paradigm for 
Decision-Making, Real Estate Issues, August,Vol.22 Number 2,p.35-41; R.Amabile, V.Del Giudice, (1997) The 
Contribution of Fuzzy Logic to Real Estate Appraisal, European Symposium on Intellingent techniques March  
Bari Italy 
5 L. Zadeh (1965), Fuzzy Sets, Information and Control, 8, 3 June  pp.338-353 
6 D.W. Roberts (1989) Analysis of Forest Succession with Graph Theory” Ecological Modeling, 45: 261-274, I. 
B. Turksen (1984),Measurement of Fuzziness: Interpretation of the Axioms of Measure, in Proceeding of the 
Conference on Fuzzy Information and Knowledge Representation for Decision Analysis, p.97-102, IFAC, Oxford 
7 L. Zadeh (1984), Making Computers Think Like People" IEEE Spectrum, August, p.26-27 
8 Maurizio d’Amato (2000) Fuzzy Numbers and Reconciliation, CD-ROM of 7th ERES meeting in Bordeaux, 
Edition Notariat Services, Bordeaux, n.028 
9 See L. Zadeh (1978), Ibidem , Fuzzy Sets and System, 1, p.4 
10 See B. R. Gaintes and L. J. Kohout (1975), Possible Automata, Proc. Int Symp. On Multiple Valued Logic, 
University of Indiana, Bloomington,p.183-196 
11 See L.Zadeh (1978), Ibidem , Fuzzy Sets and Systems, 1, p.4 
12 A fuzzy set per se is not a fuzzy restriction. In fact a fuzzy restriction must be acting as a constraint on the value 
of a variable 
13 A. N. Kolmogorov (1950), Foundations of the Theory of Probability; New York, Chelsea Publ.Co. 
14 See A. Kandel (1986), Fuzzy Mathematical Techniques with Applications, Addison Wesley, Reading Mass.  
p.38 
15 See G. Bojadziev and M. Bojadziev (1997), Fuzzy Logic for Business, Finance and Management, World 
Scientific Publishing, London p.14 
16 See Giuseppe Medici (1953), Principles of Appraisal, Ames Iowa State University Press. 
17 R. Ratcliffe (1965), Modern Real Estate Valuation, Theory and Application, Madison Democrat Press 
18 Appraisal Standard Board of the Appraisal Foundation (1995),Uniform Standards of Professional Appraisal 
Practice, Washington, D.C.  
19 See K. Lusht (1997), Real Estate Valuation Principles and Applications, IRWIN, N.Y.p.15 
20 See the fundamental work Marco Simonotti (1997), La Stima Immobiliare, Utet, Torino. The “School” of Prof. 
Simonotti is the most important Italian research experience in the field of the real estate valuation.  
21 See H. C. Smith and C. Bagnoli (1997), The Theory of Fuzzy Logic and its Application to Real Estate 
Valuation, Real Estate Issue August Volume 22 n. 2 p.35-41 
22 H. C. Smith D. Ling, J.B. Corgel (1998) Real Estate Perspective, Mc Graw Hill, p.200 


